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Abstract. It is classically known that generic smooth maps of R 2 into R :i 
admit only cross cap singularities. This suggests that the class of cross caps 
might be an important object in differential geometry. We show that the stan- 
dard cross cap f s td( u , v ) = (u,uv,v 2 ) has non-trivial isometric deformations 
with infinite dimensional freedom. Since there are several geometric invariants 
for cross caps, the existence of isometric deformations suggests that one can 
ask which invariants of cross caps are intrinsic. In this paper, we show that 
there are three fundamental intrinsic invariants for cross caps. The existence 
of extrinsic invariants is also shown. 

Introduction 

Let U be a domain in R 2 and f : U —> R 3 a C°°-map. A point p (G U) is 
called a singular point if the rank of the Jacobi matrix of / at p is less than 2. 
Consider such a map given by 

(1) /std(« 5 v) = (u,uv,v 2 ), 

which has an isolated singular point at the origin (0, 0) and is called the standard 
cross cap (sec Figure [U left). A singular point p of a map /:[/—>• R 3 is called a 
cross cap or a Whitney umbrella if there exist local diffcomorphism ip on R and 
a local diffeomorphism $ on R 3 such that $ o / = f std o tp. Whitney proved that 
a C°°-map /:{/—> R 3 has a cross cap singularity at p e U if there exists a local 
coordinate system (u, v) centered at p such that 

df 

/„(0,0) :=^-(0,0) = 



and three vectors 

/„(0,0):= |^(0,0), / TO (0,0):=^j-(0,0), / TO (O,O):=0 
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Figure 1 . An isometric deformation of the standard cross cap 



are linearly independent. By a rotation, a translation in R 3 and a suitable orien- 
tation preserving coordinate change of the domain U C R 2 , we have the following 
Maclaurin expansion of / at a cross cap singularity (0,0) (cf. [T2] or [3]) 

(n , n r \ 

».«« + £ £ «*> E E -rf^-r"'''' ' + 0(u, vY+\ 
1=3 r=2j=0 J - [ ■>>■ J 

where ao2 never vanishes. By orientation preserving coordinate changes (u, v) i— > 
(—u, — v) and (x, y, z) n- (— x, y, — z), we may assume that 

(3) a 02 > 0, 

where (x,y,z) is the usual Cartesian coordinate system of R 3 . After this normal- 
ization ((3]), one can easily verify that all of the coefficients cijk and bi are uniquely 
determined. An oriented local coordinate system (it, v) giving such a normal form 
is called the canonical coordinate system of / at the cross cap singularity. This 
unique expansion of a cross cap implies that the coefficients ajk and bi can be 
considered as geometric invariants of the cross cap /. A cross cap is called non- 
degenerate (resp. degenerate) if 020 does not vanish (resp. does vanish). On the 
other hand, a cross cap is called quadratic if a,jk = for j + k >3 and 6, = for 
i > 3. The standard cross cap is a typical example of a degenerate quadratic cross 
cap. 

Let / be a degenerate quadratic cross cap. The first main result of this paper 
is to show the existence of non-trivial isometric deformations of / (see Figure [1]). 
More precisely, we show that each spherical open regular arc with a base point 
induces a cross cap, not congruent to /, but with first fundamental form equal to 
that of /. Since the congruent classes appearing in such an isometric deformation 
can be distinguished by the geodesic curvature functions of the corresponding 
spherical curves, this implies that each degenerate quadratic cross cap induces 
a non-trivial family of isometric deformations with infinite dimensional freedom. 
Moreover, using such a deformation, we show that the invariants 003, an and 63 
in j2|) arc extrinsic, namely, these invariants change according to the isometric 
deformation. 
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The differential geometry of cross caps in R 3 has been discussed by several 
authors (cf. [T], [2], [3], @], |S], [6], [8], [Tl] and pj]). However, the distinction 
between intrinsic and extrinsic invariants has not been clearly discussed before. 
When /:{/—>• R 3 is an immersion, then it induces a Riemannian metric on U 
(called the first fundamental form) and we know that 'intrinsic' means that a given 
invariant is described in terms of this Riemannian structure on U. Similarly, each 
cross cap induces a positive semidefinite symmetric tensor ds 2 as a pull-back of 
the ambient metric. Then a given invariant of a cross cap is called intrinsic if it 
can be described in terms of this positive semidefinite metric ds 2 . In the case of 
cuspidal edges in R 3 , such an intrinsic invariant is defined as a 'singular curvature' 
along these singular points (cf. [9]). 

We then show that 002, 020 and an are intrinsic invariants. In fact, if 020 is 
negative then the Gaussian curvature of a given cross cap is negative and having 
no lower bound. On the other hand, if 020 is positive, then the Gaussian curvature 
is not bounded from below nor from above. Fukui and the first author [3] found an 
important concept of the 'focal conic' of a cross cap, as a section of its caustic by 
the normal plane (see the explanation after (fT5j) and also [4]). They also showed 
that focal conies have the expression 

y 2 + 2auyz - (a 2 oa 02 - a 2 n )z 2 + a 02 z = 0. 

The focal conic is a hyperbola (resp. an ellipse) if and only if 020 is positive 
(resp. negative). Since we have seen that 002, 020 and an are intrinsic, we can 
say that focal conies live in the intrinsic geometry of cross caps, although caustics 
themselves are extrinsic objects. It should be remarked that the Gauss-Bonnet 
type formula for closed surfaces which admit only cross cap singularities in R 3 has 
no defection at each singular point (cf. Kuiper [7j p. 92]). 



Isometric deformations of degenerate quadratic cross caps 

As mentioned in the introduction, a quadratic cross cap can be expressed as 

fu, uv, i(a 20 u 2 + 2anuv + a 02 v 2 )j (a 02 > 0), 

where (it, v) is the canonical coordinate system. As defined in the introduction, 
the cross cap (0, 0) is degenerate if 020 vanishes. A degenerate quadratic cross cap 
has the following expression 

(4) fo(u,v) := i (0, 0,a 02 v 2 ) +u(l,v, a xl v) (a 02 > 0). 

In particular, it is a ruled surface. The first fundamental form 
ds 2 := E du 2 + 2F du dv + G dv 2 
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of /o is given by 



E 


'■— (/o)u 


' (fo)u 


= 1 ■+ 


(1 + 


ail. 


)v\ 


F 


:= (fo)u 


■ (h)v 


= (1- 




)uv - 


f a 2aiiv 2 , 


Go 


■= (f )v 


■ (fo)v 


= (1- 




)u 2 - 


\- 2a 2anuv + a\ 2 v 2 



where the dot indicates the canonical inner product of R 3 . 

Definition 1. Let U be a domain in (R 2 ;u,v) containing the origin, and let 
fi : U -> R 3 (i = 0, 1) be two C°° -maps having a cross cap singularity at (0,0). If 
fo and /i satisfy 

(/o)« ' (fo)u = {fl)u ■ (fl)u, {fo)u ■ {fo)v = (fl)u ■ (fl)v, 
(fo)v ■ {fo)v = (fl)v ■ {fl)v, 

then we say that /o is isometric to fx. On the other hand, let f t : U —> R 3 
(\t\ < e), be a smooth 1-parameter family of C°°-maps having a cross cap singu- 
larity at (0, 0), where e is a positive constant. Then {ft}\t\<e is called an isometric 
deformation if each f t is isometric to fo. An isometric deformation of ft is non- 
trivial if each f t is not congruent to fo- 

We prove the following assertion. 

Theorem 2. Let c(s) (\s\ < 7r/2) be a regular curve in the unit sphere S 2 (<Z R 3 ) 
with arc length parameter. We set 

(5) £(y) := yT + (1 + aj^v 2 c(v), c(v) := c ^arctan(vy / l + a 2 n ) 
for each v € R, and 

1 + a n Jo 

where the prime means the derivative with respect to v and x denotes the vector 
product in R 3 . Then a ruled surface f c : R 2 — > R 3 defined by 

fc(u,v) := j(v)+u£(v) 

has a cross cap singularity at the origin such that f c is isometric to a degenerate 
quadratic cross cap fo- Moreover, let c;(s) (|s| < tt/2; i = 1, 2) be two regular 
curves in S 2 with arc length parameter. Then f Cl is congruent to f C2 if and only 
if c\ is congruent to C2 in S 2 . In particular, f c is congruent to fo as in (0| if and 
only if c(s) is a geodesic in S 2 . 

Proof. By ((5|), we have that 

(6) = l + (l + a?i)« a , 

(7) Z'(v)-Z'(v) = l + a 2 n , 

(8) t(v)-?(v) = (l + a* l )v, 
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where we used the fact that c'(v) is orthogonal to c(v). Since x £'(v) is or- 
thogonal to £(v) and £'(v), the equations Q and (j8]) yield that 

• = au(l + a 2 n )v, ■ B(v) = a n (l + a^). 

Finally, we have 

b ■ b = k x ri 2 + aixia 2 = iei 2 ici 2 - (e • a 2 + « 2 ii£f = a + «n) 2 - 

From now on, we denote / := f c for the sake of simplicity. One can prove that 
/«•/«) /«■ fv and /„ ■ /„ coincide with Eq, Fq and Go respectively, using the above 
relations. 

The unit normal vector field v{u, v) is given by 
v(u, v) = i ^- ^a 02 wy / 1 + (1 + a 2 i)w 2 ^ e(v) + ((1 + afju + a 02 a 11 v)n(v) S j , 
where 



5 := yjl + a\ 1 ^{l + af^u 2 + 2a 02 anuv + a§ 2 w 2 (l + u 2 ), 

e = dc/ds and n = cx e. By a straightforward calculation, the second fundamental 
form L du 2 + 2AI dudv + N dv 2 of / is given by 



o, M:= _ Wi+g> 



(9) 



<5 (l + (l + a 2 > 2 ) 3 / 2 ' 

where k(s) is the geodesic curvature of c(s). Let Cj(s) (|s < 7r/2; i = 1,2) be two 
regular curves in S 2 with arc length parameter, and Ki(s) the geodesic curvature 
function of Ci(s). Then f Cl is congruent to f C2 if c% is congruent to c 2 in S 2 , since ((9]) 
implies that the second fundamental form of f Cl coincides with that of f C2 if and 
only if Ki coincides with n 2 . Finally, as seen in the following corollary, degenerate 
quadratic cross caps correspond to the great circles, so we get the assertion. □ 

Corollary 3. There exists an infinite dimensional family of non-trivial isometric 
deformations of a given degenerate quadratic cross cap /o . 

Proof. Consider a line passing through (1, 0, 0) whose velocity vector is (0, 1, an). 
Then the central projection of the line into the unit sphere gives a subarc of a 
great circle 

cq(v) = — (l.v.anv). 

The degenerate quadratic cross cap /o can be constructed via Cq by applying 
Theorem [5J Then any non-trivial deformation of the curve Co as a spherical curve 
gives a non-trivial isometric deformation of /o, which proves the assertion. □ 

For example, take a constant k and set 
c K (s) := -^^K 2 + cos(/is),/isin(/is),K(l-cos(^s))^ (js| < ^, [i := s/l + k 2 ^ , 
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which gives a circle in S 2 with arc length parameter and of constant geodesic 
curvature k. Then it produces a deformation of the standard cross cap, where Co 
corresponds to / s td as in (TTJ) . Figure [T] indicates the cross caps corresponding to 
K — 0, 1 and 3, respectively. 

Using the existence of this non-trivial isometric deformation of degenerate 
quadratic cross caps, we can prove the following assertion. 

Theorem 4. The three invariants a\2> 0-03 and 63 are extrinsic. 

Proof. Let c(s) be a spherical curve with arc length parameter s so that 



dc 1 
c(0) = (1,0,0), -(0) = -===(0,1,011), 
ds y/i + of 1 



and let e := dc/ds, n := c x e. Then 

^(s) = k(s)ti(s) - c(s), ^(s) = -«(s)e(s), 
as as 

hold, where k(s) is the curvature function. Using these, one can see that the cross 
cap f = f c given in Theorem [2] has the following expansion: 

(10) f(u, v) = (u, uv, a\\uv + ^a a2 v 2 



K (0)Vl + ofi _ 3anUV 2 _ 2ao2 v 3 ,3uv 2 ) + 0(u, vf. 



By a parameter change v = w + |anK(0)yi + af 1 w 2 , PH|) is rewritten as 
/(u, w) = ( u, uw, auuw + -ao2iv 2 



t (0)vT 



(0, -2a 02 w 3 , 3(1 + a 2 n )uw 2 + 3 ail a 2W 3 ) + 0(u, w) 4 



6 

Thus, (u, w) forms the canonical coordinate system up to the third order terms, 
and the invariants a\ 2 , ao3 and 03 are expressed as 



ai2 = k(0)(1 + a^) 3 / 2 , a 03 = 3a 02 ai 1 K(0)y / l + af 1; 

63 = -2002^(0)^1 + a 2 x 

which depend on the initial value k(0) of the geodesic curvature function, and thus 
they are extrinsic. □ 

Definition 5. Let / : U — » R 3 be a C°°-map and p € U a cross cap singularity. 
A local coordinate system (u, v) centered at p is said to be admissible if it satisfies 
/„(0,0) = 0. 

Canonical coordinate systems of cross caps are admissible. The concept of 
admissible coordinate systems is intrinsic, since d/dv at (0, 0) points the degenerate 
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directions of the induced metrics. In contrast to Theorem HI the following assertion 
holds: 

Theorem 6. The coefficients 002, 020 and &11 are intrinsic invariants of cross 
caps. 

Proof. Let (0,0) be a cross cap singularity of a C°°-map / : (U;u,v) — > R 3 , 
and (u, v) be an admissible coordinate system. Without loss of generality, we may 
assume that 

[fu, fuv, fvv] ^ 

by applying the coordinate change (u, v) <— > (— u, —v) if necessary, where 

[a, b, c] := det(a, b,c) = (a x b) ■ c 

and x is the vector product of R 3 . 
Then we have that 



(11) a 02 



\fu I \fu X fvv I 
[fu, fuv, fvv]^ 



(12) (320 — . 1 » 13 r, „ f 12 [[fu, fuu, fvv] 

[Jui Juvi Jvv\ \ 

fuv, fvv] [fu, fuvi fui 

(13) a n = i , I r p 7 7 12 (2 [/w 5 det ( , , „ „ 

^\Ju\ [Ju, Juv, Jvv\ \ \Jvv'Ju Jvv'Juv 

\fu X fvv [fu, fuu, fvv] 

hold at (u,i>) = (0,0). One can prove these identities immediately: In fact, the 
right hand sides of these identities are independent of the choice of admissible 
coordinate systems, and these identities themselves can be directly verified for the 
canonical coordinate system of /. 
We now set 

E • fu ' fu , F . f u f v , G . — fv ' fv, 

which are the coefficients of the induced metric of the cross cap. It is sufficient 
to show that the right hand sides of (fTTj) . (TT2^) and (TIB")) arc written in terms of 
derivatives of E, F and G at (0,0). 

We first show that CI02 is intrinsic: Since f v (0,0) ~ 0, it holds that 

fu\ \ (E F u F v 

I fuv (fu, fuv, fw) = dct F u G uu /2 G uv /2 
.fw) J \F V G uv /2 G vv /2, 
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at {u, v) = (0, 0), where we used the identities 

fu ' fu — F, fu ' fuv — F u , f u • f vv — F v , 

p. p G uu G U v Gyv 

JUV ■ Juv — ^ , JUV ' JVV = ^ , JVV ' JVV = ^ 

at (u,v) = (0,0). Since 

2 2 2 EG VV 2 

\fu\ F, \fu X fvv | — {fu ' fu){fvv ' fvv) {fu ' fvv) — ^ {Fv) 

at {u,v) = (0,0), we can conclude that 002 is an intrinsic invariant. 

Similarly, to prove 0,20 and an are intrinsic, it is sufficient to show that 
[fu, fuu, fw] and [f u , f uv , fuu] are both written in terms of derivatives of E, F and 
G at (0,0). In fact, (TH| implies that [/«,/««, f vv ] is intrinsic, because 

i (ffA 

[fu, fuU, fw] r f. (, £ I I I f UV I {fu, fuu, fw) 

[Ju, Juv, Jvv\ \ \j vv J 



1 



[fu , fuv , fv 

1 



fu ' fu fu ' fuu fu ' fvv 
dot I fuv ' fu fuv ' fuu fuv ' fvv 
fvv ' fu fvv ' fuu fvv ' fvv j 

^ fu ' fuu -^v 

det I F u f uv ■ fuu Guvf^ 



r p j, a -I ^ L ' I ■*- u J uv J uu ui; / ^ 

[juiJuviJvvl \ F f f C 1 10 

\ ± V J vv J uu ^vv I 

holds at (u,v) = (0,0), and 

/„(0,0)-/ u „(0,0) = ^M, 
/™(0,0) • /„„(0,0) = F uu (0,0) - ^^°' 0) : 

/™(0, 0) • f m (0, 0) = F m (0, 0) - ^M. 
Similarly, [/ u , /„„, /„„] is intrinsic, because of the identity 

1 ///«\ 

[fui fuV ■} fuu] — r n j. I I I j {f'Ul fuVl fuu) 

[ju-> Juvi Jvv\ \ \r 



□ 



Remark 7. The value A := [/ M (0, 0), f U v{0, 0), / TO (0, 0)] is a criterion of cross cap 
singularities. In the above proof (cf. ([H])). we showed the identity 

(E F u F v 
A 2 = det F„ G uu /2 G u „/2 
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at (u, v) = (0,0), which implies that A is intrinsic. Moreover, we set 

h(u, v) := E{u, v)G(u, v) - (F(u, v)) 2 . 
Using the fact that (u, v) is admissible, one can easily prove 

A 2 = ^-^y (h uu (0,0)h vv (0, 0)-(^„(0,0)) : 

that is, A is closely related to the Hessian of h. Since h(u, v) is non-negative and 
h(0,0) = 0, it holds that h vv (0,0) > 0. Moreover, the identity 



2& 

holds. 

In [TJ], [TT] and [3J, ellipticity, hyperbolicity and parabolicity of cross caps 
are defined. The following assertion holds: 

Corollary 8. The ellipticity, hyperbolicity and parabolicity of cross caps in R 3 
are all intrinsic properties. 

Proof. A cross cap is elliptic (resp. hyperbolic) if a 2 o > (resp. a 2 o < 0). Since 
we have already seen that 020 is intrinsic, ellipticity and hyperbolicity are as well. 
In [3J, it was shown that a cross cap is parabolic if and only if 020 = and the 
zero set Zk of the Gaussian curvature gives a regular curve in the r#-plane which 
is tangent to the line r = 0, where 

u = r cos 8, v = r sin 8 

and (u, v) is a canonical coordinate system. Since the set Zk is intrinsic and this 
tangency property does not depend on the choice of an admissible coordinate 
system, we get the assertion. □ 

We fix a cross cap f : (U;u,v) —¥ R 3 , where (it, v) is an admissible coordinate 
system, that is, (u, v) = (0,0) is a cross cap singularity and f v (0, 0) = 0. We call 
the line 

{/(0,0) + i/ u (0,0);ie J R} 

the tangential line at the cross cap and a non-zero vector at Ty( ,o)-R 3 proportional 
to f u (0, 0) is called the tangential direction. The plane passing through /(0,0) 
spanned by / u (0, 0) and /™(0, 0) is called the principal plane. On the other hand, 
the plane passing through /(0, 0) perpendicular to the proper tangential direction 
is called the normal plane. The unit normal vector v(u, v) near the cross cap at 
(u, v) = (0, 0) can be extended as a C°°-function of r, 8 by setting u = r cos 8 and 
v = r sin 8, and the limiting normal vector 

v{8) := lim v{r cos 6, r sin 8) £T f , 00) R 3 

lies in the normal plane. Then, one can consider the parallel family of cross caps 

(15) Mr,0):=f(r,0)+tu(r,9) 
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which are C°°-maps with respect to (r,6), even at r = 0. The focal surface of 
this parallel family meets the normal plane at the focal conic as mentioned in the 
introduction. On the other hand, the principal plane has the following property: 

Proposition 9. The initial velocity vector of the space curve emanating from the 
cross cap singularity which parametrizes the self-intersection is contained in the 
principal plane. 

Proof. Since the principal plane is invariant under diffcomorphisms of R 3 , this 
assertion can be verified by the standard cross cap. □ 

As pointed out in the introduction, 020 is an important intrinsic invariant of 
cross caps related to the sign of the Gaussian curvature. The following assertion 
can be proved easily, which gives a geometric meaning for 020: 

Proposition 10. The section of a cross cap by its principal plane contains a 
regular curve 7 whose velocity vector is f u (0,0), and then the curvature 0/7 as a 
plane curve at the cross cap is equal to 020, where we give the orientation to the 
principal plane so that {/ u (0, 0), f vv (0, 0)} is a positive frame. 

Intersections of a cross cap with planes are discussed in [3]. 

Finally, we discuss on cross caps in an arbitrary Ricmannian 3-manifold 
(N 3 ,g). Let / : M 2 — > (N 3 ,g) be a C°°-map having a cross cap singularity at 
p G M 2 , where M 2 is a 2-manifold. Then there exists a local coordinate system 
(it, v) of M 2 centered at p and a normal coordinate system (x,y,z) of (N 3 ,g) 
centered at f(p) such that (cf. J2|) 

ft \ ( fl 20 2 , °02 2\ , n.( ^3 

f(u,v) = yu,uv,—^-u + anuv H — — v j+U{u,v) . 

Like as in the case of the Euclidean 3-space, one can easily verify that 020, 002 and 
an are all intrinsic invariants: In fact, we set 

[a, b, c] := 0(a, b, c) = g(a x b, c), 

where f2 is the Riemannian volume form of (N 3 , g) and a, b, c are vector fields of 
N 3 along the C°°-map /. We denote by D the Levi-Civita connection of g. By 
replacing 

fuu 1 ^ D u f U7 fuv ' D u f V7 f vv 1 y Dyfy, 

the three formulas PT|) . (fT2|) and (|T3"|) hold at the cross cap singularity of N 3 . 

By a straightforward calculation, the first and the second fundamental forms 



E du 2 + 2Fdudv + G dv 2 , Ldu 2 + 2M dudv + N dv 2 
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have the following expressions 

E = 1 + r 2 (sin 2 9 + (o 20 cos 9 + an sin 9) 2 + 0{r)) , 

F — r 2 (020011 cos 2 9 + (1 + 020002 + a\i) sm ^ cos ^ + 011002 sin 2 9 + 0(r)) , 

G = r 2 (A 2 + 0(r)), 

Q20 cos6> QQ2 sinfl 002 cos 6> 
L= +0{r), M= - + 0{r), N= +0(r), 

Ag Ag Ag 

where u = r cos 9, v = r sin 9 and 

Ag := y/ cos 2 9 + (an cos 9 + 002 sin^) 2 . 

We denote by -Kext the determinant of the shape operator of /, which is called the 
extrinsic curvature function. 

Since EG — F 2 = r 2 (Ag+0(r)), the mean curvature function H, the extrinsic 
curvature function K cxt , and the Gaussian curvature function K are given by 

(17) K cxt = (020 cos 2 9 - o 02 sin 2 9 + 0{r)) , 

r A e 

(18) K - X cxt + c g {r, 9) = -^L ( a20 cos 2 9 - o 02 sin 2 9 + 0{r)) , 

r Ag 

where c g (r, 9) is a suitable C°°-function at p with respect to the sectional curvature 
of the Riemannian metric g appeared in the Gauss equation. When (N 3 ,g) is the 
Euclidean space, the formulas (fT6"| and (fl7|) (and also the description of principal 
curvatures) have been given in [3]. It should be remarked that the top terms of 
the curvature functions K and H are determined by the three invariants 020, 002 
and an. This fact seems a remarkable property of cross caps since the top terms 
of H and K do not depend on a choice of ambient spaces. Moreover, (|17[) and 
(|18| imply that the asymptotic behaviors of K and K ext are same at the cross cap 
singularity. 

The following is a generalization of the assertion proved in Fukui-Ballesteros 
[2] and Tari [TT] when (N 3 ,g) is the Euclidean 3-space: 

Proposition 11. Umbilical points do not accumulate to a cross cap in (N 3 ,g). 

Proof. By (fT7|) . we know that -Kcxt < if 9 = ±vr/2. Thus it is sufficient to show 
that H 2 — K cxt does not vanish under the assumption cos 9 ^ 0. In fact 

diverges if cos 9 =^ as r tends to zero. □ 

As noted in the introduction, the ellipticity and hypcrbolicity of cross caps 
are determined by the sign of the invariant 020- In this paper, we have shown the 
existence of non-trivial isometric deformations of quadratic cross caps when 020 
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vanishes. We end this paper with the following rigidity problem for generic cross 
caps m it : 

Question. Supposing that two cross caps in R 3 have a common first fundamental 
form and satisfy a suitable genericity assumption, would they then be congruent? 
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